We show dissipative spatial solitons in nonlinear optical micro-resonators in which the refractive index is laterally modulated. In addition to "normal" and "staggered" dissipative solitons, similar to those in spatially modulated conservative systems, a narrow "mid-band" soliton is shown, having no counterparts in conservative systems.
Dissipative spatial solitons (DSS) have been theoretically predicted in bistable nonlinear optical resonators in general [1] , and in particular: in lasers with saturable absorber [2] , in two-photon lasers [3] in optical parametric oscillators [4] , in semiconductor micro-resonators [5] . In some systems the DSS have been demonstrated experimentally: in lasers with saturable absorbers [6] , in four wave mixing [7] , and in semiconductor micro-resonators [8] . The DSS, being bistable, can be potentially applied for parallel information processing and storage [9] . , as follows from the above evaluation, and from recent experimental observations [8] .
The above evaluation is based on the corresponding dynamical equations, where the spatial coordinate of the solution is scaled by the square root of the diffraction coefficient
This evaluation also follows from the linear theory of the resonator, stating that a spatial light structure of minimal complexity (e.g. a vortex or DSS) requires that the Fresnel number of resonator
is of order of one or more. The above limitation of the minimum size of the DSS is a fundamental one, occurring due to the diffraction of light in the resonator.
We show in this letter that the above limitation can be overcome for DSS in a resonator with a lateral periodic modulation of parameters, such as refractive index of material, the resonator mirror surface, the gain coefficient, or others.
Conservative spatial solitons in periodically modulated nonlinear materials (nonlinear photonic crystals) have recently gained popularity [10] . Discrete Kerr-type solitons in materials with ) 3 ( χ nonlinearity [11] , as well as parametric discrete solitons in materials with
We show here the existence of normal and staggered DSS in nonlinear resonators with laterally modulated parameters. These DSS have the above described analogs in nonlinear photonic crystals (in conservative systems). We also find that dissipative nonlinear resonators support another type of the solitons: the DSS with the carrier spatial frequency between those for normal and for staggered solitons. Indeed, if the effective diffraction changes its sign from positive for normal solitons, to negative for staggered solitons, then there should be a point where the effective diffraction is zero. The spatial spectra of these soliton are centered at the zero-diffraction point, i.e. located close to the middle of the band of extended waves.
Therefore we name them "mid-band" solitons. Since the effective diffraction vanishes for the mid-band DSS, their size is not limited by diffraction, i.e. by:
The width of the mid-band DSS then depends on the next higher diffraction order. Consequently the mid-band DSS can be much narrower than above evaluated, and can be reduced down to one wavelength.
We show first the DSS (normal, staggered and mid-band ones) by numerical integration of the equations for a laser with a saturable absorber, which is perhaps mathematically the simplest system supporting DSS. Next we evaluate the parameters of the solitons from the linear theory and compare with the numerical results. Also we prove that the effective diffraction for a mid-band DSS is eliminated, by showing that the soliton width is independent of the strength of nonlinear Kerr-focusing term introduced additionally in the equation.
As a model system a laser with saturable absorber was numerically investigated. It is known, that this system supports DSSs [2] . We note, however, that the principal results are also valid for solitons in other nonlinear optical resonators. The laser with saturable absorber in paraxial-and mean field approximations is described by:
The right hand side contains the terms of saturating gain, linear losses, saturating losses, diffraction, diffusion, and spatially varying refractive index: ) ( ) ( The diffusion term lumps together the material diffusion (e.g. diffusion of population inversion), the limited width of the gain line, as well as the diffusion of light (i.e. spatial frequency filtering). In most systems diffusion can be considered small compared with diffraction (e.g. if the resonator mode resonance width is small compared with the gain line width). In the numerical integrations throughout the letter the diffusion/diffraction ratio is fixed to 4 
10
, but the results depend only negligibly on this ratio.
We investigate a one dimensional system i.e. one transverse dimension plus time. The system was numerically integrated using a split-step technique by changing from the space domain to the spatial Fourier domain in every integration step, which imposes periodic boundary conditions. Fig.1 shows the typical spatial profiles (left) and spatial power spectra The soliton stability range and the form of the soliton envelope depends on the nonlinear properties of the system. However, in order to evaluate roughly the width of the DSS, the linear analysis is useful. Thus we consider two spatial harmonics of the field: The solution
of (2) results in an oscillation frequency:
where the parameter ) ( 2 2 dq m f = has a meaning of a modulation depth as induced by the spatially periodic perturbation, i.e. of a contrast of modulation fringes.
is the carrier spatial wave-number normalized to the spatial wave-number of the modulation. Fig.2 .a.
shows the solution (3), illustrating the appearance of a band-gap for nonzero modulation amplitude m. The effective diffraction coefficient for the system of coupled waves 2 0 
2) For the waves corresponding to the band-edge, corresponding to the staggered DSS with the carrier spatial wave-number 2 3) The effective diffraction is zero at a wavenumber:
, as follows from (4) . The size of the mid-band DSS can be evaluated from the next higher order The group velocity of the mid-band soliton, as following from (3), is:
. Fig.3 shows the numerically calculated width and group velocity of the DSS depending on the modulation parameter. We depicted these values for the pump parameter at the boundaries of soliton stability range. 
In an experiment the presence of Kerr focusing/defocusing media in laser resonators, or the so called α -factor in semiconductor resonators results in a focusing/defocusing term in (5). Fig.4 shows the dependence of the width of the spatial solitons on parameter c. As expected, the normal DSS become narrower, and the staggered DSS become wider for increasing focusing.
Remember that the effective diffraction is negative for staggered DSSs. However, the width (Fig.4) , also the stability range (not shown) of mid-band DSS remain totally unaffected by focusing/defocusing, thus proving, that the effective diffraction for this kind of soliton is completely eliminated. 
